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Abstract

In this paper, we propose a novel method for sparse logistic regression with non-convex reg-
ularization Lp (p<1). Based on smooth approximation, we develop several fast algorithms for
learning the classifier that is applicable to high dimensional dataset such as gene expression. To
the best of our knowledge, these are the first algorithms to perform sparse logistic regression with
an Lp and elastic net (Le) penalty. The regularization parameters are decided through maximizing
the area under the ROC curve (AUC) of the test data. Experimental results on methylation and
microarray data attest the accuracy, sparsity, and efficiency of the proposed algorithms. Biomark-
ers identified with our methods are compared with that in the literature. Our computational results
show that Lp Logistic regression (p<1) outperforms the L1 logistic regression and SCAD SVM.
Software is available upon request from the first author.
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1 INTRODUCTION

As massive data are available in bioinformatics and other disciplines, it is very
important to develop new methods for feature (variable) selection. Feature
selection can help to facilitate the data visualization and data understanding,
lesson the measurement and storage requirements, reduce the training and
utilizing times, and defy the curse of dimensionality to improve the prediction
performance. Therefore feature selection is a common method for improving
classifier generalization by counteracting the effects of overfitting. The general
idea is to reduce the dimensionality of the dataset before classification is per-
formed. There have been many approaches for feature selection of microarray
data. Generally, these fall into three categories: filter, wrapper, or embedded
methods. Filter approaches select feature subsets based on properties of the
data, independent of the statistical learning method (Bo and Jonassan, 2002;
Chow et al, 2001; Kerr et al, 2000; Long et al, 2001; Newton et al, 2001; Yu
and Chen, 2005). A weakness of the filter methods is that it examines each
feature in isolation, ignoring the possibility that groups of features may have
a combined effect which does not necessarily follow from the individual per-
formance of features in the group (Pavlidis et al, 2001). This is a common
issue with statistical methods such as the T-test, which examine each feature
in isolation.

Wrapper methods, on the other hand, wrap around a particular learning
algorithm which is used to assess the selected feature subsets in terms of the
estimated classification errors and to build the final classifier (Kohavi and
John, 1997, Inza et al 2002). Wrapper methods can notably reduce the number
of features and significantly improve the classification accuracy (Rivals and
Personnaz, 2003; Monari and Dreyfus, 2000). However one drawback with
wrapper methods is their computational intensity.

Embedded methods perform the variable selection as part of the statistical
learning procedure. They are much more efficient computationally than wrap-
per methods with the similar performance. Embedded methods have drawn
much of the attention recently in the literature. An important embedded tech-
nique called LASSO was proposed by Tibshirani (1996, 1997). LASSO is a
penalized least square method imposing a L1 penalty on regression coefficients.
Due to the nature of L1 penalty, LASSO does both continuous shrinkage and
automatic variable selection simultaneously. The LASSO type algorithms have
been extended to classification by combining logistic regression with the regu-
larized Laplacian prior (Krishnapuram, et al. , 2005). The sparsity promoting
property of Laplacian prior is theoretically well justified (Donoho & Elad,
2003) and has been found practically and conceptually useful (Chen, Donoho,
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& Saunders, 1998). From the regularization prospective, Laplacian prior is the
same as L1 regularization. It plays a key role for feature selection by encour-
aging the coefficient estimators be either significantly large or exactly zero,
which has the effect of automatically removing the irrelevant features from
the model. Theoretically, when sample size n � m, logistic regression with
Lp(p < 1) gives asymptotically unbiased estimates of the nonzero parameters
while shrinking the estimates of zero (or small) parameters to zero (Knight
and Fu, 2000). Hence it in principle outperforms the LASSO type of models
with L1 regularization, which are asymptotically biased. However there is a
lack of efficient computational methods for such sparse classification.

In this paper, we address two issues related to sparse logistic regression
with nonconvex penalty Lp (p < 1). First we propose novel algorithms for
feature selection and classification. To our knowledge, these are the first algo-
rithms to deal with Lp regularization in the classification framework. Second,
the regularization parameters are decided through maximizing the area under
the ROC curve (AUC) of the test data. Statistically speaking, the AUC of a
classifier is the probability that a classifier will rank a randomly chosen posi-
tive instance higher than a randomly chosen negative instance. Larger AUC
values indicate better classifier performance across the full range of possible
thresholds. AUC is a statistically consistent and a more discriminating mea-
sure than prediction error (Ling and Huang, 2003). One of the most important
objectives is to check whether Lp logistic regression performs better than L1

logistic regression and SCAD SVM in the situation of m � n. Our experi-
ments with gene expression and methylation data show that our algorithms
can be applied to biological data of high dimension and low sample size.

Support vector machines (Vapnik, 1995) has been a popular tool in high
dimensional data analysis. Different embedded methods have been introduced
for feature selections (Tipping 2001). Bradley and Mangasarian (1998) pro-
posed the L1 SVM for feature selection. Zhang et al. (2005) suggested to com-
bine SVM with SCAD nonconvex penalty for feature selections, The SCAD
penalty was first proposed by Fan and Li (2001) and shown to have better
theoretical property than the L1 penalty. Since SCAD SVM performed better
than SVM with L1 penalty as shown by Zhang et al. (2005), the performance
of our methods is compared with that of SCAD SVM.

2 METHODS

A general binary classification problem may be simply described as follows.
Given n samples, D = {(x1, y1), . . . , (xn, yn)} , where xi is a multidimensional
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input vector with dimension m and class label yi ∈ {−1, 1}, find a classifier
f(x) such that for any input x with class label y, f(x) predict class y correctly.
The logistic regression is:

P (y = ±1|x,w) = g(ywTx) =
1

1 + exp(−ywTx)
,

where w = (w1, . . . , wm)T are the parameters to be estimated. The log likeli-
hood is

l(w|D) = −
n∑

i=1

log(1 + exp(−yiw
Txi)).

Different prior assumptions in the maximum a-posteriori (MAP) estimation
will lead to different regularization terms. The sparse parameter estimates can
be achieved with Laplacian prior on wj.

P (wj|λ) =
λ

2
exp(−λ|wj|).

We assume that the components of w are independent and hence the overall
prior for w is the product of the priors for its components. The MAP estimate
maximizes:

llasso(w|D) = l(w|D) − λ
m∑

j=0

|wj|.

i.e.,
ŵMAP = arg max

w
llasso(w|D)

Frank and Friedman (1993) proposed an prior named super Laplacian

P (wj|λ) = C exp(−λ|wj|p),

where C is a normalization factor, can also lead to sparse parameter estimate.
However, to the best of our knowledge, there is no algorithm proposed to deal
with classification problems up to now. The corresponding MAP estimate
maximizes

lp(w|D) = l(w|D) − λ

m∑
j=0

|wj|p,

with Lp =
∑m

j=0 |wj|p as the regularization term.
Figure 1 gives some insight into why Lp norms with p < 1 favors sparse

solutions with only two parameters. The plot in left-down corner shows the
level sets of Lp norms of a two-dimensional vector. For a fixed L2 norm, all
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Figure 1: Geometric description of the logistic regression. The plot in left
down corner is the Lp with p =2, 1, 0.5 respectively and the upper right
corner is the contour of negative log likelihood function. The solution with Lp

penalty of different p’s exists at the point where the contours of negative log
likelihood and that of the Lp norm first intersect to each other.

vectors lie on the circle with the fixed radius, while Lp norms with p ≤ 1 are
minimized on the coordinate axis. The upper right corner is the contour of
negative log likelihood function. The solution with Lp penalty of different p’s
exists at the point where the contours of negative log likelihood and that of the
Lp norm first intersect. It is observed that the Lp with p = 0.5 constrains the
coefficients more than LASSO and leads to more sparse solutions for the given
plot. Another observation from Figure 1 is that Lp norm is not convex when
p < 1, so it is not guaranteed to achieve global minima by gradient based op-
timization methods. Apart from non-convexity, the other difficulty with using
the Lp regularization is that it is not differentiable at 0. Therefore we have to
consider a differentiable approximation of the Lp norm. Differentiable approx-
imations typically have a parameter which controls the trade-off between the
smoothness of the approximation and the closeness of the non-differentiable
function which is being approximated. One approximation which works for
p ≤ 1 is

Lp =
m∑

j=0

(|wi|2 + γ)p/2,

where γ is the smoothing parameter. With this differentiable approximation,
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we get the following modified MAP function:

lp(w|D) ≈ lγ(w|D) = l(w|D) − λ
m∑

j=0

(|wi|2 + γ)p/2.

Note that lγ(w|D) → lp(w|D) as γ → 0.
Given a small value γ, the gradient can be calculated as:

∇wlγ =
∑

i

(1 − g(yiw
Txi))yixi − λ∇wLp, (1)

where

∇wLp = vec

{
pwi

(|wi|2 + γ)1−p/2

}
,

where vec{·} represents a vector whose i-th element is given by the expression
inside the brackets. The Hessian of the objective function is:

H = ∇wwlγ = −
∑

i

g(wTxi)(1 − g(wTxi))xix
T
i − λ∇wwLp, (2)

where

∇wwLp = diag

{
p

(|wi|2 + γ)1−p/2
+

p(p − 2)|wi|2
(|wi|2 + γ)2−p/2

}
,

where diag{·} is the diagonal matrix whose i-th diagonal element is given by
the expression inside the brackets. Let

A = diag
{
g(wTxi)(1 − g(wTxi))

}
,

we have the matrix form of H:

H = −XAXT − λ∇wwLp (3)

With equation (1) and (3), we may estimate the parameters with Newton’s
method with

wnew = wold − H−1∇wlγ . (4)

We run the iteration until |wnew − wold| < δ, where δ > 0 is a small num-
ber. Other algorithms such as fixed-Hessian, conjugate gradient may also be
employed to solve the above problem. The advantage with Newton’s method
is that it converges very fast when near the optimal solution. This algorithm
converges from any initialization and to a local maximum is guaranteed.
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The proposed methods can be easily extended to a nonlinear model with
the kernel trick. We first transform the input data to a new feature space and
then build a linear logistic regression in the feature space. Lineae model in
the feature space is equivalent to a nonlinear model in the input space. The
probability function with kernel is

P (y = ±1|x,w) = g

(
n∑

i=1

wiK(xi,x)

)
.

We can estimate w = [w1, w2, . . . , wn]
′ through maximizing the following ob-

jective function:

n∑
j=1

log g(

n∑
i=1

wik(xi,xj)) − λLp

It is observed that the kernel logistic regression leads to sparse in kernels
instead of variables and linear classifier often give better performance than
nonlinear ones when m � n (Hastie et al. , 2001), even though nonlinear
methods are known to be more flexible. Therefore, we will not explore this
topic any further. Readers interested may refer to the paper by Liu et al.
(2005).

Elastic Net in Sparse Logistic Regression

In gene (feature) selection problem, when genes share the same biological
pathway, the correlation between them can be high (Segal and Conklin 2003)
and those genes forms a group. The ideal gene selection methods will eliminate
the trivial genes and automatically include the whole group into the model once
one gene among them is selected. LASSO fails the task as it can only select
a small subset of independent genes. Zou and Hastie (2005) proposed an new
regularization term named the elastic net penalty ((1 − α)L1 + αL2, where
α ∈ [0, 1)), which is a convex combination of the L1 and L2 penalty. They
showed that a group of high correlated features can be selected with elastic
net in the regression framework.

We will adapt this approach into sparse logistic regression with Lp penalty.
To be convenient, we call the function Le = (1 − α)Lp + αL2 the same elastic
net penalty. This elastic net penalty function is not differentiable and have
the characteristics of both Lp and L2. These arguments can be seen clearly
from Figure 2.

With the Le penalty and γ approximation, we have the objective function
to be maximized:
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Figure 2: Two-dimensional contour plots (level 1). (−. − ., shape for p = 2;
−−−−, contour for p = 0.5; and ——, the contour of elastic net with α = 0.5).

lγ(w|D) = l(w|D) − λ(1 − α)

m∑
j=0

(|wi|2 + γ)p/2 − λ

2
α

m∑
j=0

|wi|2 (5)

The first order derivative can be estimated as:

∇wlγ =
∑

i

(1 − g(yiw
Txi))yixi − λ∇wLe, (6)

where

∇wLe = vec

{
(1 − α)

pwi

(|wi|2 + γ)1−p/2
+ αwi

}
.

The corresponding Hessian matrix is given by:

H = ∇wwlγ = H = −XAXT − λ∇wwLe (7)

where

∇wwLe = diag

{
(1 − α)

(
p

(|wi|2 + γ)1−p/2
+

p(p − 2)|wi|2
(|wi|2 + γ)2−p/2

)
+ α

}
.

The implementation for elastic net is the same as sparse logistic regression
with Lp penalty.
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Choice of Parameters

Selecting the parameters associated with Lp penalty is very important for
improving algorithm performance. Theoretically the lower value of p would
lead to better solutions. However when p is very close to zero, difficulties with
convergence arise. Therefore in this paper, we set p = 0.1.

The smoothing parameter γ appears in the differentiable approximation
to the Lp norm. When γ is too large, the approximation is not a good one
and the solution is overly smooth and the sparsity property of Lp will be
lost. When γ is very small, the number of iterations required for convergence
increases drastically. We have found empirically that a choice of γ which does
not require very many iterations, and yet converges to very sharp solutions
is around 0.001-0.0000001 for our data. Thus γ = 0.0001 is used in all the
experiments of the paper.

The regular parameter λ controls the model parsimony and data fitting. If
λ is too small, there will be overfitting and little sparsity. If λ is too large, the
produced classifier will be very sparse but have poor predictability. We will
decide the optimal λ with the maximization of AUC in the test data.

To prevent the optimization from sticking to local optimal, we randomly
initialize the coefficients 20 times and choose the estimated coefficients with
the best AUC value for all of the computational experiments in this paper.
Our experiments, however, have shown that the computational results are not
sensitive to the parameter initialization and the algorithm converges quickly
to the same optimization value most of the time with different parameter
initializations.

Model Validation with AUC

ROC curve is widely used for visualization and comparison of performance of
binary classifiers (Fawcett, 2004). It is the plot of the probability of correctly
classifying the positive examples against the rate of incorrectly classifying neg-
ative examples. The curve can be interpreted as a comparison of the classifier
performance across the entire range of class distributions and error costs. Each
data point on the curve is the true positive and false positive pair.

Area under the ROC curve (AUC) is one of the scalar measures for classifier
comparison with its value between (0, 1). Larger AUC values indicate better
classifier performance across the full range of possible cutoff value. For datasets
with skewed class or cost distribution is unknown as in our applications, AUC
performs better than logistic regression with test error of validation data.

Given a binary classification problem with np positive class samples and
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nn negative class samples, let f(x) be the score function to rank a sample x.
AUC is the probability that a classifier will rank a randomly chosen positive
instance higher than a randomly chosen negative instance. Mathematically

AUC =

∑np

i=1

∑nn

j=1 I(xi,yi)

npnn

,

where I(xi,yj) = 1 if f(xi) > f(yj), otherwise I(xi,yj) = 0. AUC has also
been pointed out as being the Wilcoxon-Mann-Witney statistic (Rakotoma-
monjy, 2004).

Both logistic regression and AUC can be extended to multiclass problem
with the one-vs-one scheme. Assume C be the set of all classes and |C| be
the number of classes, AUC(ci, cj) be the area under the two-class ROC curve
involving classes ci and cj , then we have

AUCtotal =
2

|C|(|C| − 1)

∑
{ci,cj}∈C

AUC(ci, cj).

We can see that the summation is calculated over all pairs of distinct classes,
irrespective of order and there are total |C|(|C| − 1)/2 such pairs. We will
choose the best λ value through maximizing AUC.

3 Computational Results

Simulation Data

We simulate a high-dimensional low sample-size data which contains many
redundant variables. Four methods are compared. SCAD SVM (Zhang et al.
2006), L1 logistic regression, Lp logistic regression, and Le logistic regression.
A test data set with the size of 200 is used to tune the optimal parameter λ
and evaluate the performance of the classifiers. When the estimated parameter
|wj| < ε for variable xj , where ε is a preselected small positive threshold value,
we can remove variable xj . The threshold value for removing the variables is
set to 0.001 for all of the experiments.

The simulated dataset is randomly generated with input dimension m =
200 and only the first three features are relevant. All other features are ran-
dom noise generated from N(0, 1). The first three features are drawn from
a mixture model with center[0, 0, 0] and [1.5, 1.5, 1.5], mixture prior [0.4, 0.6],
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and a common covariance structure

Σ =

⎛
⎝ 0.5 0.10 0.10

0.1 0.5 0.45
0.1 0.45 0.5

⎞
⎠ .

Features 2 and 3 are highly correlated. We consider various setting for training
size n = 50, 60, 70, 80, 90, 100. The experiments will repeat 30 times and
the average AUC values are plotted. We want to evaluate if the proposed
methods can select correct features and if they can select the set of highly
correlated variables (grouped variables) together. We run thirty replicates and
plot the average AUC values of the test data in Figure 3. Figure 3 shows that
sparse logistic regression with Lp (p=0.1) penalty consistently outperforms
the SCAD SVM, elastic net with α = 0.5, and L1 logistic regression (Shevade
& Keerthi, 2003), although the differences become smaller when sample size
increases. The software package SparseLOGREG for L1 logistic regression was
downloaded at http://guppy.mpe.nus.edu.sg/ mpessk/SparseLOG.shtml.

The AUC values of the test data under different parameter setting are
given in Figure 4. The upper left panel in Figure 4 shows the smaller the p
the better the performance, although it is not monotonic increase. The upper
right panel of Figure 4 shows that the optimal λ = 3−4, where the maximum
AUC is achieved. The bottom left panel of Figure 4 gives some insight about
how the AUC varies with the number of variables selected. It is clear that the
optimal number of variables is 3. The bottom right panel shows the log10(γ)
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and corresponding AUC. Apparently the best range of γ to achieve the sparsity
and convergence quickly is 0.001 − 0.0000001.

One of our objectives is to evaluate if the proposed methods can select
highly correlated variables simultaneously. Table 1 shows that the average
number of variables selected in 30 runs for each method. The values in the
parentheses are the standard errors of the corresponding mean values. It is
observed that sparse logistic regression with Lp penalty performs the best. This
method can find the highly correlated feature 2 and feature 3 simultaneously
with reasonable sample size. When α = 0.5, Le tends to select more features
than necessary, when sample size is small. SCAD SVM and SparseLOGREG
software is able to select the least features on average. The number of features
selected with SCAD SVM is diverse according to their standard deviations. 1−
5 features are selected in different simulations with the same parameter setting.
Obviously both SCAD SVM and SparseLOGREG can not guarantee to select
highly correlated features simultaneously, they have the same drawbacks as
other LASSO type algorithms.

The frequency of selecting correct features (1-4) in thirty runs is presented
in Table 2. Table 2 clearly shows that the sparse logistic regression with
Lp penalty performs better than SCAD SVM and SparseLOGREG when the
pair-wise correlations are high. SparseLOGREG is implemented using Gauss-
Seidel method and selects variables in a forward fashion, it can only select
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Table 1: Number of variables selected by various methods and different pa-
rameter setting.

Methods n = 50 n = 60 n = 70 n = 80 n = 90 n = 100
Lp (p = 0.1) 3 3 2.90 3 3 3
(λopt = 4) (0) (0) (0.31) (0) (0) (0)

Le(α = 0.5) 4.65 4.43 4.27 3.98 3.17 3.08
(λopt = 26) (1.73) (1.15) (0.96) (0.71) (0.38) (0.21)
SCAD SVM 1.93 1.98 2.11 2.26 2.32 2.37
(λopt = 0.12) (0.76) (0.39) (0.25) (0.45) (0.64) (0.86)

SparseLOGREG 1.87 1.40 1.73 1.88 1.67 1.67
(0.76) (0.93) (0.69) (0.86) (0.76) (0.76)

Table 2: Frequency of selecting exact first three variables in 30 runs.

Methods n = 50 n = 60 n = 70 n = 80 n = 90 n = 100
Lp (p = 0.1) 30 30 27 30 30 30
Le (α = 0.5) 0 2 10 18 25 27
SCAD SVM 0 1 2 5 10 9

SparseLOGREG 0 0 2 1 1 0
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Table 3: The selected CpG regions and model performance.

Methods Selected CpG regions Average AUC (std)
Lp (p = 0.1 & λopt = 10) {1, 2, 3, 5, 6, 7} 0.8724( 0.42)
Le (α = 0.5 & λopt = 3) {1, 2, 3, 5, 6, 7} 0.8683 (0.34)

SCAD SVM (λopt = 0.31) {1, 2, 3, 6} 0.8595 (0.37)
SparseLOGREG (λ = 6.5) {1, 2, 3, 6, 7} 0.8561 (0.51)

independent variables. Elastic net tends to select more features. SCAD SVM
makes less than half times of correct selections in all cases and tends to select
the mutually independent variables. On average, it selects 2 features more
than 20 times out of 30 simulations in different sample size settings.

Real Methylation Data

This methylation data are from 7 CpG regions and 87 lung cancer cell lines
(Virmani et al. 2002, Siegmund et al. 2004). 41 lines are from small cell
lung cancer and 46 lines from non-small cell lung cancer. The proportion of
positive values for the different regions ranges from 39 to 100% for the small
cell lung cancer and from 65 to 98% for the non-small cell lung cancer. The
data are available at http://www-rcf.usc.edu/ kims/SupplementaryInfo.html.
We utilize the two-fold cross validation scheme to choose the best λ and test
our algorithms. We randomly split the data into two roughly equal-sized
subsets and build the classifier with one subset and test it with the other. To
avoid the bias arising from a particular partition, the procedure is repeated
100 times, each time splitting the data randomly into two folds and doing
the cross validation. The AUC is estimated after each cross validation. The
average AUC is given in Table (3). Obviously our models select more genes
than do SCAD SVM and SparseLOGREG. Those 6 out of 7 CpG regions
selected by Lp logistic regression have been proved to be predictive of lung
cancer subtype (Siegmund et al. 2004). Our studies have shown that the
discarded CpG region (MTHFR) has the lowest correlation coefficient with
the cell type (0.22) and lowest par-wise correlation with other CpG regions
(0.17 on average). The prediction power (AUC) of the model has increased
roughly 5% without CpG region 4 (MTHFR). SCAD SVM selected 4 out of 7
CpG regions most of the time and is more stingy in gene selection.
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Table 4: Classification performance (AUC) of different methods for colon data.

Methods # of genes selected AUCtotal(std)
Lp (p = 0.1) 12 0.988(±0.03)
Le(α = 0.5) 23 0.980(±0.05)
SCAD SVM 6 0.974(±0.08)

SparseLOGREG 8 0.968(±0.10)

Colon Microarray Data

The colon microarray data set (Alon et al. , 1999) has 2000 features (genes)
per sample and 62 samples which consisted 22 normal and 40 cancer tissues.
The task is to distinguish tumor from normal tissues. The data set was first
normalized for each gene to have zero mean and unit variance. The trans-
formed data was then used for all the experiments. We employed a same
two-fold cross validation scheme to evaluate the model. This computational
experiments are repeated 100 times. The relevance count concept proposed by
Shevade & Keerthi (2003) was utilized to count how many times a gene is se-
lected in the cross validation. Clearly the maximum relevance count for a gene
is 200 with the two-fold cross validation and 100 repeating. The AUC was cal-
culated after each cross validation. The computational results for performance
comparison are reported in Table 4 and Table 5.

It can be seen Lp logistic regression achieves the largest AUC value. Genes
selected with Lp logistic regression have 5 genes in common with SCAD SVM
and 4 genes in common with SparseLOGREG. The main reason for that genes
selected with different methods being partially different is that the classifica-
tion hypothesis needs not be unique as the samples in gene expression data lie
in a high-dimensional space.

Multiclass Gene Expression Data

This gene expression profile data (Wang & Meltzer 2006) comprises 24 normal
esophagi (NE), 19 Barrett’s esophagus (BE), and 9 esophageal adenocarcinoma
(EAC) and there are total 6648 genes. Barrett’s esophagus has been long
recognized as a key precursor lesion of EAC. The objectives of their research
were to clarify the relationship between the stages of neoplastic progression
in EAC and pre-EAC and identify the potential biomarkers from BE to EAC
and from NE to BE. The data set was pre-processed using standard procedure.
Each gene was standardized across the samples to have mean zero and unit
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Table 5: Selected top 12 genes with their relevance counts

Selected Genes Relev-Count
Human CRP gene, exons 5 and 6 200
H.sapiens mRNA for GCAP-II/uroguanylin precursor 191
MYOSIN HEAVY CHAIN, NONMUSCLE (Gallus gallus) 200
human gene for heterogeneous hnRNP core protein A1 186
MINERALOCORTICOID RECEPTOR (Homo sapiens) 168
Human aspartyl-tRNA synthetase alpha-2
subunit mRNA, complete cds. 174
COLLAGEN ALPHA 2(XI) CHAIN (Homo sapiens) 198
Human vasoactive intestinal peptide (VIP)
mRNA, complete cds. 165
MYOSIN REGULATORY LIGHT CHAIN 2, SMOOTH
MUSCLE ISOFORM (HUMAN) 158
GELSOLIN PRECURSOR, PLASMA (HUMAN) 199
Human desmin gene, complete cds. 175
COMPLEM-FACTOR D PRECURSOR (Homo sapiens) 169

variance. The transformed data was then used for all experiments. Because the
tissue samples is relatively small, we would like to make full use of all available
samples in gene selection with cross-validation. Ten-fold cross validation was
utilized to evaluate the performance of the algorithms. To avoid biases arising
from a particular split of the training data, this procedure is repeated 50 times,
each time splitting the data differently into 10-fold, using the training samples
derived from omitting one of the 10 folds (subsets), and testing the classifier
on the samples from the subset which was omitted during training. This
procedure gave an unbiased estimate of our gene selection method (Ambroise
and McLachlan, 2002). To deal with this multiclass classification problem, we
utilized the one-vs-one scheme, which allows us to build classifiers for NE vs
BE, NE vs EAC, and BE vs EAC. The AUC was calculated with the prediction
value of the whole samples after each 10-fold cross validation. The overall
performance was measured with the average AUC of all classifiers. Since it is
possible different genes may be selected in the cross validation procedure, we
evaluated the performance of the classifiers with the most common selected
genes. Table (6) clearly shows that sparse logistic regression has the better
performance, although all the methods performed reasonable well. It is very
interesting to identify genes responsible for the progressive transition from BE
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Table 6: Classification performance (AUC) of different methods.

Methods NE vs BE NE vs EAC BE vs EAC AUCtotal

Lp (p = 0.1) 0.969(±0.12) 0.992(±0.05) 0.988(±0.1) 0.983
# of Genes 35 11 3
Le(α = 0.5) 0.955(±0.16) 0.978(±0.07) 0.984(±0.12) 0.972
# of Genes 35 11 5
SCAD SVM 0.952(±0.08) 0.981(±0.04) 0.937(±0.08) 0.957
# of Genes 19 14 1
SpLOGREG 0.947(±0.05) 0.976(±0.10) 0.953(±0.07) 0.958
# of genes 22 13 2

to EAC. In the original paper of Wang et al. (2006), the classification error
rate is 25% with over 50 genes identified. Our proposed methods give AUCs
over 98% with only 3-5 genes. The three genes found with Lp logistic regression
are KIAA0423, CYR61, YES1. Both CYR61 and YES1 are known biomarkers
for esophageal adenocarcinoma. Gene KIAA0423 found with all four methods
can be a potential biomarker.

4 Conclusions and Remarks

We have introduced sparse logistic regression with Lp and elastic net noncon-
vex penalties. Both our simulation and real data analyses show sparse logistic
regression with Lp penalty consistently yields a higher AUC value than com-
peting approaches. One interesting finding with our simulation is that sparse
logistic regression with Lp penalty is able to select highly correlated features
simultaneously. Sparse logistic regression with elastic net may select more fea-
tures than necessary. This finding seems to be different from LASSO. LASSO
can only select independent features. This may be explained by how the algo-
rithm is implemented. LASSO type algorithms are a two-stage procedure: first
they find the ridge regression coefficients, and then they do the LASSO type
shrinkage along the lasso coefficient paths. It appears that highly correlated
features will be filtered out in second stage. Our gradient based algorithms
will give the same features the same coefficients with a coordinate-wise Newton
update. Elastic net type algorithms deteriorate the classification performance
by choosing unnecessary features.

Our proposed methods are superior to SCAD SVM and SparseLOGREG

16

Statistical Applications in Genetics and Molecular Biology, Vol. 6 [2007], Iss. 1, Art. 6

http://www.bepress.com/sagmb/vol6/iss1/art6



in the limited experiments. This can be explained from two aspects. First,
SCAD SVM is a two-stage implementation similar to LASSO. It first finds the
initial coefficients with standard SVM and then shrinks some coefficients to
zero through solving a series of linear equations. However the initial values
of the algorithm are very important in nonconvex optimization and their ini-
tialization with standard SVM might not be optimal. Second, Lp with small
p may be superior to SCAD penalty. SparseLOGREG is implemented using
Gauss-Seidel method and selects variables in a forward fashion. It can only
select independent variables.

In the ‘large m, small n’ problem, the ‘group of highly correlated variables’
situation is of particularly important concern in the current literature. Our
proposed algorithms achieve a simultaneous classification and feature selec-
tion with better performance in our limited experiments. Even though there
is no method performs universally better than other methods, our methods
still have certain advantages as discussed. For example, they are easy to im-
plement without using any additional packages and show great potential for
applications in cancer research and association study.
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